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1. Introduction. - The Ising model and the X-Y model in one space dimension are exactly soluble [1] . In the former case (n = 1), the correlation length ç diverges as exp TIT when the temperature T goes to zero, while for the latter case (n = 2), ç diverges as T/T. T is a constant.
Most real systems exhibit spin anisotropies so that one expects in real life a cross-over behaviour from a ' high temperature regime to a low temperature one [2] .
(*) On leave of absence from Physique des Solides, Bât. 510, Université Paris Sud, Campus d'Orsay, 91405 Orsay, France. It is therefore interesting to analyse in some detail how this cross-over is performed as a function of the spin anisotropy. One may expect this study to reveal some aspects of the difference between the spontaneous breakdown of continuous symmetry and that of a discontinuous one [3] : the zero temperature state of the X-Y model breaks the continuous rotation symmetry of the Hamiltonian, and thus exhibits a zero energy collective mode, the spin wave mode with zero wave vector (Goldstone boson [4, 5] , critical properties of dilute ferromagnets near the percolation threshold [6] [7] [8] [9] domain wall motion and thermodynamics in magnetic materials and ferroelectrics [10] . As for the dilute ferromagnet near the percolation threshold, onde dimensional spin correlation functions govern its thermodynamic properties because of the peculiar topology of the infinite cluster near the percolation threshold [6, 9] . As regards structural phase transitions, the system we study represents a very simplified model for Rochelle salts, KDP, or systems such as NaH3(Se0_3)2NH4HS04, which have two dipoles or more per paraelectric unit cell [11] . Domain wall motion for strong anisotropy is described by kink states [10, 12] , and by solitons [12] for weak anisotropy. Solitons appear as solutions of the Sine-Gordon equation which has been studied some decades ago in connection with Bloch wall theory in magnetism [ 13] , among others -our work connects with the latter and yields the thermodynamics of the problem as emphasized in reference [10] . Current interest in solitons stems from field theory [12, 20] .
In particular we show that the cross-over temperature Tc We are interested in situations when ro 0 and u +v&#x3E;0.
Similar coupled field problems in 1-D were treated in reference [14] . In the latter reference, cubic anisotropy and quadratic anisotropy [11] are simultaneously present, and no special emphasis is put on the cross-over from n = 1 to n = 2 behaviour.
In reference [4] as well as in many other works on quasi 1-D systems [5] , a weak 3-D coupling is introduced among an infinite cristalline array of 1-D chains.
The renormalization group has been used to study cubic anisotropy in 4-a dimensions [15J. In one dimension, the renormalization group has been applied to a discrete spin model in the limit of infinite cubic anisotropy [29] .
In one space dimension, it is useful to transform the partition function , by using the transfer matrix method [ 16, 10, 4] .
In This is commented on further in section 3.3.
The transfer matrix formulation of the 1-D magnetic phase transition in the presence of a small anisotropy field allows a non perturbative treatment of the latter : however small the initial values of the cubic anisotropy, at sufficiently low temperature (i.e. sufficiently near the critical temperature T = 0 K), the system behaves in a qualitatively different manner from the system with zero anisotropy. This is manifest through the construction of the lowest states of the system for T « Tc.o. through WKB semi classical non perturbative methods [12] . (Gaussian wave functions centred around the minima of the potential wells). This non perturbative behaviour is reminiscent of the non perturbative behaviour exhibited by the Renormalisation Group transformation [11] so that we can say that for T Tc.o., the system we study is governed by the 1-D cubic fixed point. Near space dimension d = 41, there exists a critical value nc(d) for n such that the cubic fixed point is the most stable one for n &#x3E; nc(d) [2] . The discussion above shows that for d= 1 and in the small anisotropy limit n, (d =1 ) 2. We shall see below that this non perturbative behaviour is also related in one-space dimension to the existence of non perturbative solution of the classical non linear wave equations derived from equation (1) [22] . An interesting linear magnet which seems to exhibit a cross over from n = 3 to n = 2 behaviour is CsNiF3 [22] , but we do not know of detailed experimental studies of a cross over from n = 2 to n = 1.
Another one-dimensional physical system well described by Hamiltonian (1) TTF-TCNQ (tetrathiofulvalinium tetracyano-quinodimethan) and SNx [23, 24] . Those As discussed in details in references [4] and [5] , the behaviour of the 1-D correlation length has a bearing on the critical temperature of the three dimensional array of weakly coupled chains ; for 1-D scalar fields, the 3-D ordering temperature Tc is proportionnal to the inverse logarithm of the interchain coupling, while it is proportional to its square root for n = 2 one dimensional fields. For n = 1, the exact result is where where Àij Mi Mi is the interchain coupling [4] . For n = 2 there is no exact treatment. The molecular field approximation [4] gives [9] have proposed that the point pc = p, T = 0 be viewed as a multicritical point.
If the magnetic correlation length ç 1 (T) along a zig-zag path is small compared to 1(p -Pc), the system behaves magnetically as a collection of non interacting self-avoiding one-dimensional chains. If on the contrary çl(T) &#x3E; l( p -p.), 3-D correlations set in (2-D in the case of Rb2Mn1-xMgxF 4' which is a 2-D system).
The transition temperature satisfies For a classical n-component spin-system (without anisotropy), one finds [6, 8] In the presence of spin anisotropy, the dependence of 7c on (p -Pc) will exhibit a cross-over from power law behaviour to logarithmic behaviour for weak anisotropy, i.e. using equation (5') In the strong anisotropy limit (weakly coupled Ising chains), Tc(P) exhibits a logarithmic dependence on ( p -pr), with first order corrections in the interchain coupling ; using equation (7) [11] .
The classical partition function studied in section 2 follows from (8) as a functional integral in the field variables Mi(x) and Pi(x) = mMi(x).
The interest for Hamiltonians such as (8) [10] , soft mode coupling to slowly relaxing degrees of freedom, impurities, or entropy fluctuations [19] . It is thus of interest to study models different from but comparable to those which have been put forward until now.
The equation of motion for the displacement field Ml(x) with u = 0 is with Equation ( 2) possesses small amplitude solutions (n 3 « q «1) of the type q = a sin (s +0) which are phonons [10] . It also has a solution in the large amplitude regime r¡3 = Il
This solution is a kink state [12] which corresponds to domain wall motion in a ferroelectric.
In the transfer matrix formulation of the 1-D problem, with u = 0, one finds [10] that the kink state corresponds to the tunnelling between the two wells of the anharmonic potential AMi + vMl. This is also reflected in the exponential behaviour of the 1-D correlation length at low temperature for the Ising classical problem ç(T) '" exp(T/T). Equation (8) has been briefly studied in reference [30] in the limit u = 0. In that limit the resulting displacement field exhibits a coupling between the phase and the amplitude which expresses the identity of the equation of motion for the two uncoupled scalar fields Ml and M2.
In the limit of weak anisotropy v/u 1, a standard approximation used long ago in the theory of Bloch walls in magnets [13] sought solutions with constant amplitude for the order parameter, so that the phase is found to obey a Sine-Gordon equation [13, 12] . At low enough temperatures, i.e. the domain wall motion for the system described by equation (1) Equations (10) and (10') have solutions different from, but similar to the kink solution of equation (9) .
Like the kink solution (11) is a solitary wave but, unlike it is a soliton (the scattering with other solitons can at most lead to a time delay).
To the best of the authors' knowledge the literature on Bloch wall theory does not mention the fact that equation (10' ) also exhibits another class of solutions, e.q. the doublet solution [12] , which has a known equivalent in the scalar theory only for weak coupling [20] The vibration can be thought of as the modulation of the relative separation between the domain walls corresponding to the soliton and anti-soliton.
As of now there seems to exist no experimental observation of this doublet solution (also called a breathing solution). Perhaps this is because dissipative effects, such as friction [36] , which are not taken into account in this simple model, reduce the life time of this object in a way which impedes observation.
However, it may be worthwhile to devote some experimental effort to this study [21] .
As is clear from section 1, the existence of soliton, anti-soliton, and doublet is restricted to low temperature The energy of the soliton is found from standard treatments [13] , where kB is Boltzmann's constant Our previous result on the correlation length in the weak anisotropy limit thus fits nicely with the Krumhansl Schrieffer treatment on the Ising chain [ 10] [34] . These localized defects go over to a delocalized collective mode as the inverse square root of the anisotropy.
In comparison with the kink states discussed in reference [10] , the solitons (or domain walls) which appear in the weak anisotropy case are angular solitons, which do not involve a variation of the magnitude of the displacement field, but only of the phase [13] . The [ 12] and for which the ratio of the potential coefficients v/u is small (strong intra-cell dipole-dipole coupling). Parts of this discussion can be found in reference [37] , which deals with the thermodynamics of the sine-Gordon field, and in reference [38] , which mentions the low temperature result equation (5) As mentioned in the introduction, the backward scattering model for the electron gas [27] [28] can be obtained in the limit y -0. The limit, however, lacks the simplicity which allows the WKB solution described above.
As this paper was completed, we became aware that the thermodynamic aspect of our problem (Sect. 2) has been treated in part in reference [31] . when Umklapp processes are taken into account [32] . This term, which is thus analogous to a cubic anisotropy term, ensures the pinning of the phase (commensurate CDW) below the cross-over temperature, the expression of which in reference [3 ] is in agreement with our result. It is stated in reference [31] [35] . For positive single site anisotropy, the system exhibits a cross-over from n = 3 to n = 2, so that the correlation length which diverges obeys a power law in both the high and low temperature regime. A cross-over from n = 3 to n = 1 occurs for negative single site anisotropy, but has only been briefly mentioned in reference [35] . Our work has the advantage of having analytical expressions in the case n = 2 to n = 1 and a clear interpretation in terms of the low lying excitations of the system. 4 . Conclusion. - [33] . As expected, the interrelation of the correlation length and of the defects (spin waves and vortices) in this system is more complex, the more so because it has a finite critical temperature.
